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Abstract 

Starting from deformed quantum Heisenberg Lie algebras some realizations are given 
in terms of the usual creation and annihilation operators of the standard harmonic oscilla¬ 
tor. Then the associated algebra eigenstates are computed and give rise to new classes of 
deformed coherent and squeezed states. They are parametrized by deformed algebra pa¬ 
rameters and suitable redefinitions of them as paragrassmann numbers. Some properties of 
these deformed states also are analyzed. 
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1 Introduction 


It is interesting for theoretical and practical reasons to study coherent and squeezed states asso¬ 
ciated to the quantum Hopf algebras [1, 2, 3]. The Hopf algebra structure of a quantum algebra 
provides us with useful technical elements such as the coproduct, for exemple. In the case of bo¬ 
son quantum algebras, the special coproduct properties are useful to characterize multi-particle 
Hamiltonians [4]. For example, in the case of the Poincare quantum algebra, the coproduct have 
been brought to bear to the study the fusion of phonons [5]. In general, the concept of deformed 
quantum Lie algebras found various applications in quantum optics, quantum field theory, quan¬ 
tum statistical mechanics, supersymmetric quantum mechanics and some purely mathematical 
problems. For instance, in the case of the su q { 2) algebra, it has been found that the su q { 2) 
effective Hamiltonians reproduce accurately the physical properties of the su( 2) © h{2) mod¬ 
els [6]. On the other side, there are some works showing that quantum algebras are connected 
with paragrassmann algebras [7, 8]. Paragrassmann algebras are relevant in the studies of the¬ 
ories that show the necessity of unusual statistic [9], for instance, the studies of anyons and 
topological field theories [10, 11]. 

Now, to associate coherent and squeezed states to a quantum deformed Lie algebra one 
can use the algebra eigentates (AES) technique. The AES associated to a real Lie algebra have 
been defined as the set of eigenstates of an arbitrary complex linear combination of generators 
of the considered algebra [12]. The AES associated to a quantum real deformed Lie algebra 
can be defined in a similar way. Indeed, if A k (q ), k = 1 , 2 ,..., n denote the generators of this 
deformed algebra in a given representation, parametrized by the set of deformation parameters 
q, then the AES associated to this deformed algebra will be given by the set of solutions of the 
eigenvalue equation 

n 

= A|^), a k , A G C. (1) 

k =1 

The purpose of this work is to compute the AES of the deformed quantum Heisenberg 
Lie algebras [13], obtained by applying the R-matrix methods [1], and find new classes of 
deformed harmonic oscillator coherent and squeezed states. We will see that these states will 
be new deformations of the standard coherent and squeezed states of the harmonic oscillator 
system and we will recover them in the limit when the deformation parameters go to zero. The 
approach of AES also gives us the possibility to construct, starting from a deformed algebra, 
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some Hamiltonians, of physical systems to which these deformed coherent and squeezed states 
are associated, similarly as for algebras and superalgebras [14, 15]. 

It is important to mention that the deformed coherent states obtained by this method differ 
from the g-deformed coherent states associated to a g-deformed oscillator algebra, which is not 
a Hopf algebra, constructed by considering either deformed exponential functions, eigenstates 
of a given deformed annihilation operator, a generalization of the usual form of the standard co¬ 
herent states, a resolution of the identity technique or a generalized group theoretical techniques 
[16, 17, 18]. 

The paper is organized as follows. In section 2, a Fock space representation of deformed 
quantum algebras associated to the Heisenberg algebra h( 2) is given. In section 3, we compute 
the AES associated to these algebras and obtain new classes of deformed coherent and squeezed 
states that are true deformations of the standard coherent and squeezed states associated to the 
harmonic oscillator system. These states are parametrized by the deformation parameters which 
will be considered as real numbers and also as real paragrassmann numbers. In section 4, we 
compute the product of the dispersions of the position and linear momentum operators of a 
particle in these states when the parameters of deformation are small. We compare them with 
the corresponding results obtained in the minimum uncertainty states [14]. Some details of 
calculations are presented in the Appendices A and B. We also give general expressions of 
these dispersions, in the case where a non trivial one parameter algebra deformation family is 
concerned, for all values of the deformation parameter. Finally, we construct a class of 77 -pseudo 
Hermitian Hamiltonians [19] to which a subset of these deformed states are the associated 
coherent states. 

2 Deformed quantum Heisenberg algebras in the Fock rep¬ 
resentation space 

We are considering in this work, the deformed Heisenberg quantum algebras obtained by V. 
Hussin and A. Lauzon [13]. They have been obtained using the well-known R -matrix method 
[1] and are mainly of two types. The first one is formed by the generators A, B , C which satisfy 

[A,B] = 0, [B,C] = (cosh (pB) 1), [A, C] = - smh(pB). (2) 

pZ p 

It is denoted by U Z)P (h( 2)), where p and z are different from zero. 
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Let us mention that the invertible change of basis 


H^t)' (3) 

leads to the new deformed algebra U Z)0 (7/(2)) : 

[A,B\= 0, \B,C\ = -zB\ [A,C\=B. (4) 

This means that we get the same commutation relations as in (2) when p goes to zero. As it has 
been pointed out by Ballesteros et al. [20], here the p parameter is superfluous and the families 
of bialgebras U Z)P (/z(2) ) and U z0 (h{ 2)) are isomorphic (these families are identified there as of 
type I + ) on the condition that the coproduct form stands invariant [21]. 

The second quantum deformation of h( 2) is given by 

P pB _ p -qB 

[A, B} = [B, C] = 0, [A, C} = - -—-. (5) 

p + q 

and is denoted by U PA (h( 2)), where p,q ^ 0. It corresponds to so-called so called type II 
bialgebras in [20]. When p = q, we find the quantum Heisenberg algebra obtained in Celeghini 
et al. [22] (see also [21]), i.e., 

[A, B] = [ B, Cl = 0, [A, C] = - sinh (pB). (6) 

p 

Let us now give a boson realization of these deformed Lie algebras, in terms of the usual 
creation operator, a\ and annihilation operator, a, associated to the standard quantum harmonic 
oscillator system. For U Z)0 (h( 2)) given in (4), it is given by 

A = -a\ B = e za \ C = e zat a. (7) 

From (3) and (7), we thus get a realization of U z . p (h( 2)) as 

A = — a\ B = - sinh -1 e za , 

Another realization of U z<0 (h(2)) is 

A = a, B = e~ za , 

We thus get another realization of U zp (h( 2)) as 

A = a, B — - sinh -1 (~e~ za ^\ , 

p V2 / 
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When z goes to zero, the operators (8) become 


A = —a\ B = -sinh 1 I, C = \J 1 + ^-a, (11) 

while the operators (10) become 

A — a, B= 2 - sinh" 1 I, C= + (12) 

The operators (11) or (12) thus constitute a realization of deformed Heisenberg algebra (6). 
When p goes to zero, we regain h( 2). 

The algebra (5) is clearly isomorphic to h{ 2) if we introduce 

p pB _ p -qB 

A = A, C = C, B = - --. (13) 

p + q 

So to obtain new class of deformed coherent and squeezed states using the AES method 
we will deal in the following with U zfi (h( 2)) and U Z)P (h( 2)). 

3 AES and deformed coherent and squeezed states 

In this section, we compute the AES associated to U z $ (h( 2)) and U z ^ v (h( 2)), using the repre¬ 
sentations obtained in the preceding section. We thus get new classes of deformed coherent and 
squeezed states associated to the harmonic oscillator system. 

3.1 Deformed algebra eigenstates for U Z:0 (h(2)) 

We start with U Z)0 (h( 2)) as given by (4) using the realizations (7) and (9). The AES are thus 
defined as the set of solutions of the eigenvalue equation 

[a + A + aoB + a-C]]^) = al'ijj), «o, a+, a G C. (14) 

3.1.1 Deformed harmonic oscillator coherent and squeezed states 

Let us take first the realization (7). Thus, if a_ ^ 0, equation (14) can be written in the form 

[e za \ + pa) + ue zaf ] \ijj) = A|-0), /r, v, A e C. (15) 

By defining 

iV’He—'l ip) (16) 
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and using e~ va a e va = a + u, equation (15) can be reduced to 


[e za,] a + fia^\\(p) = X\(p), /i, A E C. 


( 17 ) 


To solve this eigenvalue equation, let us consider the Bargmann space T of analytic functions 
/(£) (£ E C), provided with the scalar product 


C/1,/2) = / Vfi.he T. 


(18) 


j c 2vri ’ 

It is well-know that any function / E T can be expressed as a linear combination of ortho- 
normalized functions w n (0 = ^=, n — 0,1, 2,, verifying 


(tl m , liyi) f ^ r, ■ &mm 

Jr Ztci 


that is 


with 


f{0 = ^2c n u n (£), 

n =0 

c« = 

Let us assume a solution of (17) of the type 

OO 

\V>) = ^2 C n\ U )i 

n =0 


(19) 


( 20 ) 


( 21 ) 


( 22 ) 


where the set of states (|n)}^L 0 form the basis of the standard Fock oscillator space, verifying 
the orthogonality relation 

(m\n) = S mn . (23) 

As usually, the action of the operators a and a) on these states is given by 


a\n) = \/n\n — 1), a*jn) = Vn + 1| n + 1). 


(24) 


Let us take |£) to be the standard coherent states associated to the harmonic oscillator system, 
that is 

00 /^:\ n 


10 = e 




(25) 


n=0 


Then, according to the orthogonality property (23), the projection of \ip) on the coherent state 
|£) is given by the analytic function 


<P(€) = (Cl^) = J^C n U n (0- 


(26) 


n=0 
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The action of the operators at and a in this representation corresponds to 


«Vl¥>> = Mf), «>lv> = y|«). (27) 

respectively. Thus, by projecting both sides of the eigenvalue equation (17) on the coherent 
states |£) and then using (27), we can write it as 

+ ^ = A< ^‘ (28) 
The general solution of this differential equation is given by 

<p(() = C„(W) exp (a? - ^« 2 )) . (29) 

where 6' 0 is an arbitrary constant which can be fixed from the normalization condition 

O, <P) = j = !• (30) 

Let us notice that in the particular limit when z goes to zero, the solution (29), becomes the 
symbol for the squeezed states [23] associated to the standard harmonic oscillator, that is 

= Co(A, /i, 0) exp (A£ - • (31) 


This quantity is normalizable only if \p\ < 1 [24]. 

When z ^ 0, the solution (29) can be written in the form 


* - 1L\ exp . 


<p(£) = C 0 {X,fi,z) exp 

Going back to the expression (26), we get the coefficients c n , n — 0,1,..., as 


(32) 


C n I Ulrt 


>(€)p(€)e = C 0 (X,fi,z) exp (-- ^ 


2ni 


z * 


e 


\frd. 


By using the polar change of variables £ = this last equation can be written in the form 


exp 


( - Z j (l- 1 ~ Az + pzj) \ _^d£d£ 

\ z 2 J 2m 


(33) 


c n = C 0 ( A, p, z) exp ( - - 


Z Z- 


poo j-1-rt n+1 -p 2 

/ » ^ — ini') 

1 -e exp 


3 —zpe 


'0 J 0 


\4tT 


-(/j, — Xz + pzpe™) 


dpdd 


n 


(34) 
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Let us write the exponential factor in the form 


-,—zpe 


exp 


-(p — Xz + pzpe™) 


to get 


£ 

k =0 
oo k 

EE 

k,l =0 m =0 


c n = C 0 (A, p, z) exp 


exp (- zkpe it9 ) f p - Xz + uzpe^ 


k\ 


k \ l+m ift+m¥ (-zfc) ~ Az) 

m) k\l\z 2k 


k—m 


A /i 


z z- 


P 


Using the known results 


m+l+n+l - p 2 


e p dp 


EE 

k,l =0 m=0 
p2tt 


k ^ (—zk)(pz) m (p — Xz) 
m 


k—m 


a/ttT /c! /! z 2fc 


p(l+m—n)fl ^_\ 


-2tt 




tt)"# u,u ox 

6 


7T 


P 


m+l+n+l e -p 2 d/) _ Ip f m + 1 + n 


+ 1 , 


(35) 


(36) 

(37) 

(38) 


and performing the sum over the index Z, the expression for the coefficients c n reduces to 


A u \ z 

c n = C 0 (X,p,z) exp (-- 


oo 

z z 2 ) \frd ^ ^ \mj (k — m)\ \z 2 

' v k =0 m =0 ' ' v ' 


n\ {-k) n ~ m (p\ m (p X 


k—m 


, (39) 


where k K denotes the minimum between k and n. This last expression can be written in the 
form 

n, n—m, / \ 

p\ m 




c 0 (W)^££ : (-ir-v 

v rn =0 j =0 v 7 


V -y2 


p X 


z* / \ z* z 


(40) 


where the coefficients v rnj are obtained from 


E^mj 
(h — rn — 


(k — m)\ (k — m — j)\ 


(41) 


Thus the coefficients c n , n = 1,2,, represent polynomials of degree n — 1 in the z 
variable. For example, c\ = A Co, 

A 3 pX\ f p X 2 \ X 


C2 — CqV^ 


\( x2 

p\ 

a ; 

L V 2! 

2 ) 

2"_ 


C3 — CoV^fi 


3! 


+ 


3 2J Z+ 6 Z 


(42) 
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The normalization constant Co can be now computed. Indeed, inserting (40) into (26) and 
the resulting expression into the normalization condition (30), using the orthogonality relation 
(19), we get 


C 0 (A, (i, z ) 


00 2 n n n 71—171 fi—T 

E^EEEE 

L n=0 m =0 r=0 j =0 /=0 


n 


(- 1 ) 


ra+r 


Vmj'Vrl 



(43) 


which has been chosen real. The convergence of these series it not easy to determine. In the 
case where z = 0, as we have already mentioned, the series c 'n| 2 converges for all A 

provided that \n\ < 1. In the case // = 0. this series becomes 


OO 


J2 i c -i 2 

n =0 


|Cq(A, z)\ 2 exp 



OO 


E 

n =0 



A^(£^\ 

z^ k\ j 

k =1 / 


(44) 


It converges for all z > 0 provided that the phase 6 in A = 3e‘° satisfies -f <o<b whereas 
for all z < 0, it converges if f < 0 < 

Finally, we can show that the normalized algebra eigenstates \(p), solving (17) , can be 
expressed in terms of a deformed squeezed operator acting on the ground state of the standard 
harmonic oscillator, that is 



Also, combining this last equation with equation (16), we get the algebra eigenstates solving 
(15) to be the deformed coherent states 

|V>) = Nq(\, /i, v, z) exp ^V)| ( Aflt _ e_iyat |°)’ ( 46 ) 


where N 0 (A, /i, u, z) is a normalization constant which can computed in the same way as 

C 0 (A, /i, z). 


3.1.2 Perturbed squeezed states 

Let us now assume that z is a small perturbation parameter of order k 0 — 1, where k 0 is an 
integer greater or equal to 2. From (45), neglecting the terms containing the power of 2 greater 


9 










than k 0 — 1, we can write 


W) 


C 0 (X,n,z,k 0 ) 

1 


i, ^ (-*■»*)* 

“ (k + 1 )! 


An* - 


-za 


Xa * — -/i{aX)' 

o 


/c + 2 

fco —l-l 


exp 


An' - |(a') 2 ) |0). (47) 


(fco - 1)! V 2! 

These states can be normalized in the standard form. For instance, when /c 0 = 2, /i = 5e*T 
A = /3e , where 0 and 9 are real phases, 0 < <5 < 1, and (3 > 0, a normalized version of the 
deformed squeezed states (47), is given by 

'8e^ t 3 (3e ie t : 


l^> 


n(8,cj),f3,9) 


1 + z 


S (— arctan(5)e J<?i ) D 


(3e 


w 


where 


0, /?, 9) — 1 + 


zf3 


2(1 — 5 2 ) L 

2 (3 2 


28 2 + /3 : 




1 + 5 2 


| 0 ), 


(48) 


- ^ 1 + 52 + 
+ 8 2 (3 2 (1 + 


1-5 2 

28 2 


3(1 - 8 2 ) 


1 — <5 2 
cos(0 — 9) 

cos(20 — 36 1 ) 


cos 6 


28 f3 2 
3(1 - 5 2 ) 


cos(0 — 39) 


■ (49) 


Here S(x) = exp 


(at)' 

- ix V- - x-2 


is the standard unitary squeezed operator [25] and 


D(X) = exp (Aa' — Aa) the standard displacement operator [26]. 


3.1.3 Deformed squeezed and coherent states parametrized by paragrassmann numbers 

Let us now use the realization (9) of U Z)0 (h( 2)). In the case a + ^ 0, equation (14) can be now 
written in the form 


[a + ^aXe za + ve za \\tjX) — A|^)), n,v, X G C. (50) 

There are two types of equations to solve. The first type is obtained when 0 and v ^ 0. We 
can take 


and use the relation, exp 


\jp) = exp f^-a) | ip) 

— aX exp = aX — to reduce (50) to the form 

[a-\-^aXe~ za )\(p) = X\ip), p, A e C. 


(51) 


(52) 
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If v = 0 and /i ^ 0, we see from (50) that the same type of eigenvalue equation must be solved. 
The second type is obtained when fi = 0. The eigenvalue equation is 


[a + ue 


= A| ip), z/, A G C. 


(53) 


We begin with the resolution of Equation (52). Let us assume \ip) to be again a solution of 
the type (22). Thus, proceeding as in the preceding section, the eigenvalue equation satisfied by 
the symbol in the Bargmann representation, is given by 


^ + /x£e *k ) <p(g) = \<p(£), ftAeC. 


(54) 


To solve this equation, let us assume that z is a real paragrassmann number [8, 9], that is 
z k ° = 0, for some integer k 0 > 1. A detailed procedure of resolution of this equation is given 
in the Appendix A. Let us notice that the case ko — 1, i.e., z = 0, is somewhat trivial since 
the eigenfunctions ip(£) solving (54), are given by the standard squeezed symbol (31). When 
k 0 = 2, or z 2 = 0, i.e., when z is a odd Grassmann number [27, 28], the eigenvalue equation 
(54) becomes 

+ /^ ¥>(0 = A^(f), /i, AgC. (55) 

There are two independent solutions (see Appendix A). The normalizable solution of this eigen¬ 
value equation, is given by the deformed squeezed symbol 


¥>(A,ju,z)(0 = C 0 (\,/i,z) 


,, ,.e e 

1 + zn\\— - n— 


exp (Af - f^e 


(56) 


A normalized version of these states, in the Lock space representation, is given by 


W) = 


1 + z5 


f 5e 2i<t> 

V 


( flt ) 3 - 


(3e 


i(e+4>) 


S (— arctan(<5)e l<?i ) D 


(3e 


w 


| 0 ), 


where A and // have been chosen as in the preceding subsection and 


(57) 


0(A, 0, /?, 6>) = 1- 


z5/3 


2(1 — S 2 ) l 


£■2 , ol / 1 + ^ 


- sil + 6 2 + 

+ 5 2 (5 2 ( 1 + 


2 (3 2 


1-5 2 

2 5 2 


25 z + /?- 


cos 6 


l-P 


cos (6 — <p) 


3(1-S 2 ) 


cos (cf> — 36) 


2 Sf3 2 


3(1 — 5 2 ) 


cos(2 (f> — 36) 


■ (58) 
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When k 0 = 3, or z 3 = 0, the eigenvalue equation (54) becomes the second order differential 
equation 

+ ( 1 ~ v z O^) v(0 = ( A ~z*£M0» fi,x,eC. (59) 

According to the results obtained in Appendix A, the general solution of this equation can be 
expanded in the form 

<p(0 = MO +zyi(£) + z?M0> (60) 


with 


MO = C 0 exp ( A£ - fi— ) , 


Pi(0 = 

MO = 


exp (A £ — /x 


£ 2 


M (Ay - Mj ) C° + C x 

/i(/i — A 2 )^ + -fi 2 \0 + /i 2 (A 2 — 3/i)-^— A/i 3 -^- + ^18 ^ 


(61) 

(62) 


+ Z 1 ( — Z 1 ^" ) Ci + c 2 


exp ( A£ — /i 


£ 2 


(63) 


where C 0 , C\ and C 2 are arbitrary integration constants. Three independent solutions may thus 
be obtained. The first one is obtained by taking C\ = C 2 = 0. We get 


<p(0 = Co 


e 2 e 3 


,e 2 


1 + zfj, [ A^— A 4 ” ) + £ 2 (Z i (z i — ^ 2 )"^ + 

e 


t4 t5 t' 

,2 / \ 2 o ,, \ ^ , ,.4S 


+ V M ~ 3^)-^— A/i — + /i ^ 


exp A£ — /i 


= Co exp 


W ( Ay -Z^y ) +- 2 /(0 


0 

exp ( A^ — /x— 


where 


"2 2 


/(0 = ( — X 2 ) J + -X^XO - 3/i 3 y ) . 




(64) 


(65) 


This solution can be normalized and represents a second order paragrassmann deformation of 
squeezed states associated to the standard harmonic oscillator. 

The other independent solutions are given respectively by 

£ 2 ' 


<p(0 — Ci z 


1 + Z[i ( X— - fl¬ 


ew A£ - //- 


( 66 ) 


and 


<p(0 = C 2 £ 2 exp (A 


(67) 
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These solutions can not be normalized since z k , k = 1,2, are not invertible paragrassmann 
numbers and z k = 0, k — 3,4,.... 

The higher order paragrassmann deformations of the squeezed states associated to the stan¬ 
dard harmonic oscillator can be obtained following a similar procedure (see Appendix A). 

In the case of eigenvalue equation (53), the differential equation to solve is given by 

+ = \<p(£), v, A, G C. (68) 

Proceedings as before and considering the results of Appendix A, the normalizable solutions of 
this last equation, when k 0 = 1, 2, 3, are given respectively by the deformed coherent symbols 


and 


^ (1) (0 = Co exp ((A - u)^j, 

^ (2) (0 = Co [1 + z (A - z/)i/f] exp ((A - u)^j 


(69) 

(70) 


^ (3) (0 = C 0 [l + z(X-u)^ + z 2 

A 2 V 2 3 u 4 \ 2 

-A v 6 -\ - r 

2 2 / . 


A 2 v 2 3 v 3 

-h 2 A z/ 2 - 


exp ((A - 


(71) 


Theses solutions can be normalized and represent zero, first and second order paragrassmann 
deformations, respectively, of coherent states associated to the standard harmonic oscillator. For 
higher values of k 0: we must proceed as in Appendix A. 


3.2 Deformed algebra eigenstates for lA z , p (h( 2)) 

It is interesting to compute the AES associated to U ZtP (h( 2)), z,p ^ 0, and compare it with 
the ones associated to U Z}0 (h( 2)). As we have noticed in section 2, these quantum algebras 
are isomorphic in the sense that there is a nonlinear change of basis transforming one to the 
other. In general, the existence of this isomorphism does not imply the existence of an internal 
homomorphism at the AES level. Indeed, by definition, the eigenvalue equation determining 
the set of AES deals with an arbitrary linear combination of the deformed algebra generators, 
then from the inverses of transformations (3) and the solvable structure of the commutation 
relations (4), it is impossible to find an internal homomorphism, at the AES level, transforming 
the eigenvalue equation with z, p ^ 0 to the eigenvalue equation with z ^ 0, p = 0. 
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To see that, in this section, we consider the two parameters deformed algebra U ZiP (h(2)) as 
given by (2), and compute the AES using the particular realization (8). More precisely, we have 
to solve the eigenvalue equation 


^f^fa + pa) + y sinh- 1 (fe* at ) 


= A|0), p, v, A e C. (72) 


In the Bargmann representation, this equation becomes the first order differential equation 

0(6) = A0(f), p,u,Xe C. (73) 


2 

e z ^\/1 + (— + //£ + — sinh * | -e 


2 u 
P 


-i 

2 


When ^ = 0, we easily get the standard squeezed symbols 

0o, P (O = Co(p, A, /i, i/) exp 


A-y sinh 


(74) 


These symbols correspond to the Bargmann representation of the AES associated to the de¬ 
formed quantum Heisenberg algebra realization (11). Moreover, when p goes to zero, these 
symbols becomes the standard squeezed symbols associated to h(2 ). 

When z ^ 0, making the change of variable ( = e 2 0 rearranging the terms and using the 
method of characteristics curves to separate the differentials, we get 

A-flnC-f sinh - 1 (f)' 


<h\) 

0 


(0 = 


Integrating both sides of this equation and then exponentiating, we get 


d(. 


(75) 


0*,p(C) = C 0 (\,n, V] z,p) exp 


1 + ^4 


z 2 C 


((1 + lnC)fi ~ Xz + sinlr'(^)) 


PP . . -l,P(s v , > 
— smh — --InC 
2z z 2 z 


(76) 


This result includes the ones obtained for (15) when p goes to zero. Moreover, when we set also 
v = 0, we regain (32). 

3.2.1 Perturbed two parameters deformation coherent and squeezed states 

Up to first order of approximation in z and p 2 . the deformed symbol (76) writes 


0z,p(O « C 0 (X,p,v,z,p) 


1 + z 


i_ (a? _ 0 a _ * 

4 I 4 \ 2 3 K 


pe A £ 2 


exp ( (A - z/)f - -/i£ 2 


(77) 
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In the case // = de 1,0 . X = 0e l6 and v = —76”', where 7 > 0, a normalized version of these 
states, in the Fock representation, is given by 




5e l<t> t 3 0e ld + 2 


P_ 

4 


r n / ft 


, t ,2 (Pe* ^ t 

4 {a) ~ — + — ° 


S' (— arctan(<5)e^) D 


fie 


%e 


where 


7,7) = 1 + 


2(1-<S 2 )‘ 


0 


v / r ^ 2 


2 5 2 + fi 2 


| 0 ), 


1 + 5 2 
1 - 5 2 


(78) 


cos 6 


- <Hl + <5 2 + 
+ S 2 fi 2 ( 1 + 


20 2 


1 — S 2 
2S 2 


cos (fi — 6) 


cos(2 <f) — 36) — 


2 S0 2 


7 


3(l-<5 2 )7 7 3(1 — 5 2 ) 

fi 2 cos(r/ — 26 ) — 8 ( 20 2 + 1 — S 2 ) cos(7 — 6 ) 


cos (</> — 36) 


+ S 2 0 2 cos (20 — rj — 26) 


2 7 


p 


16(1 — 5 2 ) 


2 ^ Sfi 2 (3 cos(4> — 26) 


+ — 0(1 — 5 ) ( cos(p — 6) + 5cos(4> — 7 — 6 ) — 2/3 — 5 +5 >, 


where 


~ r-r, - 7 T-—- 7 -rr ~ / 0 sin 6 + 7 sin n \ 

fi = v / / 3 2 + 7 +2/37cos (rj-6), 6 = tan --—- 

\ 0 cos 6 + 7 cos rj) 


(79) 


( 80 ) 


K 0cos 6 + 7 cos 77 y 

We notice that, in the case 7 = 0 and p = 0, these normalized states become the normalized 
states given in equation (48). 


4 Some properties of the deformed states 

In this section, we will give some properties of the deformed states found in preceding section. 
From Fock space representation, we will deduce the physical quantities X and P, representing 
the position and linear momentum of a particle, respectively, and compute the corresponding 
dispersions in both the perturbed deformed states associated to U Z)P (h(2)) and the deformed 
states associated to U z $(h(2)). We will also connect the last states with an p-pseudo Hermitian 
Halmiltonian [19]. 
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4.1 Squeezing properties 


First, let us consider the squeezing properties of X and P. In the Fock space representation, 
these quantities are given by the hermitian operators (we have assumed that the mass, angular 
frequency and Planck’s constant are all equal to 1) 


X = 


(a + a+) 


P — i- 


7.t - 


a) 


( 81 ) 


y/2 ’ y/2 ' 

They verify the canonical commutation relation 

[X,P\=iI. (82) 

The dispersion of these quantities, computed on a specific normalized particle state |-0), is 
defined as 

(ax) 2 = - mxm 2 ( 83 ) 

and 

(A Pf = (1>\ P» - MPm 2 - (84) 

The product of these dispersions satisfies the Schrodinger-Robertson uncertainty relation (SRUR) 
[29, 30] 

(AX ) 2 (A P) 2 > i ((/) 2 + (F} 2 ) = i (l + (F> 2 ), (85) 

where F is the anti-commutator F = {X — ( X)I,P — {P)I}. The mean value of F is a 
correlation measure between X and P. When (F) = 0, we regain the standard Heisenberg 
uncertainty principle. 

The minimum uncertainty states (MUS) are states that satisfy the equality in (85). They are 
called coherent states when the dispersions of both X and P are the same and squeezed states 
when these dispersions are different to each other. The states for which the dispersion of X is 
greater than the one of P are called -squeezed whereas the states for which the dispersion of 
P is greater than the one of X are called P-squeezed. 

We are interested to compute the dispersions of X and P, in the deformed squeezed states 
(78), when v = 0, or 7 = 0. More precisely, we want to study the effect of the deformation 
parameters on the squeezed properties of these quantities. As we have seen, when z and p go to 
zero, the states (78) becomes the standard harmonic oscillator squeezed states. In such a case, 
we know that the dispersions of X and P are independent of A = fie 16 , and given by [14] 


(AX) 0 2 = 


1 — 25 cos </> + 5 2 

2(1 — A 2 ) 


and 


(AP) 0 2 = 


1 + 25 cos <f> + 5 2 
2(1-5 2 ) 


( 86 ) 
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All these states are MUS, that is, they satisfy the equality in (85). 

When 7 = 0, the square of the mean value of X, in the states (78), to first order of approx¬ 
imation in z and p 2 , is given by 



(87) 


where e(z,p ) = f2(<5, </>, /3, 0, 0, 0) — 1 and T ki and A fc/ , kj = 1, 2,..., are matrix elements 


defined in Appendix B. According to (81), we have the same expression for the square of the 
mean value of P, but taking the imaginary part in place of the real part. 

On the other hand, the mean value of X 2 in the states (78), to first order of approximation 


in z and p 2 , is given by 



( 88 ) 


Again, according to (81), we have the same expression for the mean value of P 2 , but taking the 
negative of the real part in place of the real part. 

Combining (87) with (88), according to equation (83), we get the dispersion of X. In the 
same way, we can obtain the dispersion of P. Inserting the matrix elements T l3 and A, ? , as given 
in the Appendix B, we can compute these dispersions explicitly. 

Figure 1 show the dispersions of X and P in the minimum uncertainty squeezed states in 
dashed lines, and in the deformed squeezed states in solid lines, as a function of 0 for fixed 
valued of the parameters 5, (3, 9 and p (5 = 0.5, (3 = 2.0, 9 = 0.8 7r,p = 0.00) and for special 
values of z = 0.0010, 0.0015, 0.0020 (from the smaller to the greater gray level). We observe 
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Figure 1: Graphs of the dispersions of X and P as functions of 0 for p = 0 and z = 
0.000,0.0010,0.0015,0.0020. 

that, as a consequence of the small deformations in the parameters z the squeezing properties 
of X and P have not been essentially changed. Thus, in all the cases, we have P-squeezed 
states when -f <0<f, and A-squcczcd states when !<</><¥• Also we observe that the 
product of the dispersions of X and P in the deformed squeezed states, for a given value of 0, is 
always greater than the product of the dispersions in the minimum uncertainty states, as required 
by the SRUR. These difference is more remarkable for values of 0 in the range f < 0 < f. 
Let us notice that when 0 = ±|, the MUS are coherent states, in the sense of the SRUR, i,e., 
the dispersion of X and P, are the same. Indeed, in all these cases, (AAT) 0 2 = (AP) 0 2 = 0.83. 
This value is conserved by the product of the dispersions of X and P in the deformed squeezed 
states when 0 = — |, but when 0 = |, it grows quickly as z increases. 

Figure 2 show the dispersions of A" and P in the minimum uncertainty squeezed states in 
dashed lines, and in the deformed squeezed states in solid lines, as a function of 0 for fixed 
valued of the parameters <5, 0, 6 and z (5 — 0.5, 0 = 2.0, 6 = 0.8 7r, z = 0.0030) and for special 
values of p = 0.00, 0.06, 0.11 (from the greater to the smaller gray level). We observe that the 
product of dispersions of X and P decreases when p increases. Thus the influence of the p 
parameter on the first order in z deformed states is to reduce the uncertainty product of X and 
P and to bring closer this quantity to the minimum uncertainty values. 

Figure 3 shows the typical behavior of the dispersions of X and P in the minimum un¬ 
certainty squeezed states in dashed lines, and in the deformed squeezed states in solid lines, 
as a function of 5 for 0 = 0.5, 0 = 2.0, 6 = 0.8 n, z = 0.0025 and p = 0.001. We observe 
again that, as a consequence of the small deformations in z and p. the squeezing properties of X 
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Figure 2: Graphs of the dispersions of X and P as functions of 0 for z = 0.0030, p = 
0.00, 0.06, 0.11, (3 = 2.0, e = 0.8tt and 5 = 0.5. 



Figure 3: Graphs of the dispersions of X and P as functions of 5 for z = 0.0025, p = 0.01, (3 = 
2.0, 6 = 0.87T and 0 = |. 


and P have not been essentially changed. Thus, the figure shows the behavior of P-squeezed 
and P-deformed squeezed states. When 0 < 5 < 0.75, the product of the dispersions of X 
and P, in the deformed squeezed states is always greater than the corresponding product in the 
minimum uncertainty squeezed states, as required by the SRUR. For higher values of <5, only 
the dashed lines represent the true behavior of the dispersions of X and P. Indeed, the approxi¬ 
mation for the deformed squeezed states, in this region, is not valid. These states are no longer 
normalizable. 
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4.2 General formulas for the dispersions of X and P in the z deformed 
states 

The mean values of X k , k — 1, 2,..., in the states (45) can be expressed in the forme 


^((p\e TX \(p) \ e ' 4 {pe^ a eV2 a \p 


(px k \p = 


T —0 


T „ T „ t 
—= n. —= n i i 


T —0 




{p v) 


where 


|?>=exp |0) . 

Inserting these results into (83) and evaluating we get 


(89) 


(90) 


l -^{pe^ a e^ a \p 
(AX) 2 = -- +- 


r=0 


(vW) 




T—0 


(vlv) 


(91) 


To compute the matrix element {ip\e^ a e^“' | ip), we can firstly write 


e^“V) = ^2Cn{r)\n) 


(92) 


n =0 


and then to compute the coefficients C n (r), n = 0, 1, 2,.... in the Bargman representation, in 
the same way as we have do it in section (3.1.1). That is 


n =0 


(ip\eV2 a e^ 0 '\ip) = ] PC n {r)C n {T), 

where 


(93) 


OO /f< 

EE 

k=0 m =0 


n — r\ (—k) 


n—r—m 


P\ m 

m J (k — m)\ \z 2 J \z 2 z 


k—m 


(94) 


with k < the minimum between k and n — r. 

Inserting (93) into (91) and evaluating again we get 


E OO 

n =0 


(AX) 2 = -- + 


C n (r)C:(r) + C:C n (r) + 2C' n C' n (r) 


T —0 


EZoCn(o)c n (o) 


E“=0 C n (T)C n {T)+& n {T)C n {T) 


T —0 


En=oCn(0)C n (0) 


(95) 
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where, for instance, C' n (r ) = ^-(r). From (94), we obtain 


i/\i OO fci / i\/; \n-l-m , , / \ \ k—m 


m ) (k — m)\ \z 2 / \ z 2 £ 


( 96 ) 


when n = 1,2,..., with k\ the minimum between k and n — 1 , 


i / \ oo k 2 / 0 \ / r \n—2—m , , / ■> \ k—m, 

c» = ±,(^)z^y.T . 1 A: } ^ 


m ) [k — m)\ \z 2 / V z 2 z 


k =0 m =0 

when n — 2,3,..., with fc 2 the minimum between k and n — 2, and 


(97) 


C'(0) = Cq (0) = C?(0) = 0. 


(98) 


The formula to the dispersion of P can be obtained from (95) changing the r argument of C n {r ) 
by it and then deriving and evaluating to r = 0. Thus, dispersions formulas of X and P at all 
order in z can be obtained. The first order perturbation formulas of these dispersions must 
correspond to the dispersions obtained in the preceding subsection, in the limit when p goes to 
zero. 


4.3 77 -pseudo Hermitian and Hermitian Hamiltonians 


In this section we show that the subset of deformed coherent states (46), corresponding to the 
eigenvalue A = 0, are the coherent states associated to an 77 -pseudo Hermitian Hamiltonian 
[19] but also, up to a similarity transformation, the coherent states associated to a Hermitian 
Hamiltonian, both isospectral to the harmonic oscillator Hamiltonian. Indeed, when A = 0, the 
eigenstates (46) correspond to the solutions of the eigenvalue equation 

A\i)) = v), V e C, (99) 

where A = a + ij,a^e~ zat . These solutions can be written in the form 

I'0; -v) = 7V 0 (/U, -u,z) G{n, z) e~ va ^ |0), (100) 


where 


G(p, z) = exp 



(— zo)) k ( a f ) 2 \ 

~k\ (k + 2 ) J ’ 


and N 0 (/u, —v, z) is a normalization constant. 


( 101 ) 
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Let us now to define the operator 


H = G A a G -1 , (102) 

which satisfies 

H { = rfHr ) -1 , 

where r\ is the hermitian operator 

v(v,z) = (G'~ 1 ) t G'" 1 

Thus 77 is an 7/-pseudo Hermitian Hamiltonian [19]. Moreover, as 

Ga ] G~ l = a\ GaG~ l = A, (105) 

we get 

77 = A A = A (a + pAe~ za] j = A a + pe~ za \A) 2 

On the other hand, by construction, it is easy to verify that 

[77, ,4] = —A, [7 -L,a)] = a\ [A, a)] = 1 

and 

n\E 0 ) = 0, (108) 

where 

\E Q ) = N 0 ( t i,0,z)G( f i,z)\0). (109) 

This state is thus an eigenstate of A corresponding to the eigenvalue v = 0. Thus, according 
to (107) and (108), the hamiltonian 77 is isospectral to the harmonic oscillator Hamiltonian. A 
represents an annihilation operator for this system and their eigenstates (100) are the associated 
coherent states of 77. 

Let us mention that 77 verifies all the useful properties of pseudo-Hermitian operators [31]. 
For instance, 77 is Hermitian on the physical Hilbert space f) p h ys spanned by their corresponding 
eigenstates \ip n ) oc (a' l ') n G|0), n — 0, 1 , 2,... , endowed with the positive-definite inner product 
(■\ri ■). Also, 77 may be mapped to a Hermitian Hamiltonian 77 by a similarity transformation 
77 = pHp _1 , where p(p,z) = ^/p{Jpz) = \JG~^G~ X ^ is a Hermitian operator on a Hilbert 
space f) formed of same vectorial space S) p h ys but endowed with the original inner product (• | •). 


(106) 


(107) 


(103) 


(104) 
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Thus, in our case, according to (102), the Hermitian Hamiltonian H, is unitarily equivalent to 
the standard harmonic oscillator Hamiltonian and is given by 

H = pGa)aG~ l p~\ (110) 


Indeed, 


and 


pG(pG ) f = pGG ] p ] = pp l p = p(p 2 ) p = I 


(pG) ] pG = G ] p ] pG = G ] p 2 G = G\G~ l ) ] G~ l G = /, 

that is ( pG )' = (pG) _1 , i.e., pG is an unitary operator. 

Let us notice that in absence of deformation (z = 0) the operator p is given by 


( 111 ) 


( 112 ) 


p(p,0) = 


\ 


i ., 2 * ' 2 21 


exp ( p— I exp i /i— | = 


exp / [pK_ + pK + + q(s)K 3 ]ds 


1 

n 2 


, (113) 


where K- = ,£ y. K + = ^- 7 — and /y 3 = -j(aa i ' + Ga) are the standard bosonic realizations of 
the su(l, 1) Lie algebra generators verifying the commutation relations 


and 


where 


[K-,K+] = 2 K 3 , [K 3 , K ± ] = ±K± 


?(s) = — 2— In q(s), 
as 


q(s) = cosh(|/i|(l - s)) + \p\ sinh(|/i|(l - s)). 
In this case, the Hamiltonian (110) becomes 

U = p(p, 0 ) [a t a + /i(a t ) 2 ] p _ 1 (/i, 0 ), 


(114) 


(115) 


(116) 


(117) 


and represents a Hermitian Hamiltonian describing two photon processes in a single mode. To 
know the explicit form of this Hamiltonian we must firstly factorize the operator (113) in the 
form of a product of exponential operators of each su( 1 , 1 ) generators and then insert it into 
(117). This process requires to solve some Ricatti type differential equations. 

For small values of z, the Hamiltonian (110) describes corrections to the energy of this 
system as a consequence of the deformation. In general, when z 7 ^ 0, the Hamiltonian (110) 
represents multi-photon processes in a single mode. 
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The generalized coherent states associated to the system described by (110), can be easily 
obtained from the coherent states associated to the standard harmonic oscillator. Indeed, they 
are given by 

\v,z,n) = p(fi,z) G(fi,z)D(v) |0), (118) 

where D(v) is the standard unitary displacement operator defined at the end of subsection 3.1.2. 
These coherent states correspond to the coherent states associated to the pseudo-Hermitian 
Hamiltonian (106), up to the transformation /)(//. z). and are eigenstates of the annihilation 
operator A = p(p, z ) A p _1 (/i, z) corresponding to the eigenvalue v. 

5 Conclusions 

In this paper, we have found some realizations of the deformed quantum Heisenberg Lie alge¬ 
bra U Z}P (h( 2)), in terms of the usual creation and annihilation operators associated with Fock 
space representation of the standard harmonic oscillator. The method used to get these re¬ 
alizations can be easily applied to find the realizations of other quantum Hopf algebras and 
super-algebras, such as the bosonic and fermionic oscillators Hopf algebras[32] or the quantum 
super-Heisenberg algebra, that can also be obtained by using the /(-matrix approach. 

We have computed the AES associated to U Z)P (h( 2)). We have seen that the set of AES 
contains the set of coherent and squeezed states associated to the standard harmonic oscillator 
system but also a new class of deformed coherent and squeezed states, parametrized by the de¬ 
formation parameters. We have studied the behavior of the dispersions of the position and linear 
momentum operators of a particle in a class of perturbed squeezed states and we have compared 
them with the behavior of these dispersions in the minimum uncertainty squeezed states. Also 
we have computed these dispersions on the deformed states associated to U z ${h{2)), for all 
values of the z parameter. To first order in z, these last dispersions reduce to the perturbed ones 
obtained to/L p (/i(2)), when p goes to zero. Besides, we have constructed a rj -pseudo Hermitian 
Hamiltonian [19] to which a subset of the set of algebra eigenstates associated to U Zt o(h( 2)), 
are the coherent states. From this point of view, our deformed states are linked to Hamiltonians 
presenting important physical aspects [31]. Indeed, our pseudo-Hermitian Hamiltonian verifies 
naturally all the properties of pseudo-Hermitian Hamiltonians such as the existence of asso¬ 
ciated biorthonormal basis, resolution of the identity, positive-definite inner product, physical 
Hilbert space, unitary and invertible operators mapping the pseudo-Hermitian operators to the 


24 


Hermitian ones, etc. Thus, with the help of pseudo-Hermitian quantum mechanics techniques 
we are allowed to compute, for instance, the spectrum, the eigenstates and the associated coher¬ 
ent states of complicated deformed Hermitian Hamiltonians describing multi-photon processes 
in a single mode. Also, we can compute more easily quantities such as mean values of physical 
observables and transition amplitudes. Moreover, it could be interesting to know, at least for 
small values of the deformation parameter 2 , the explicit form of the resolution of the iden¬ 
tity verified by the generalized coherent states (118). Indeed, this fact could have important 
consequences, for instance, in the study of corrections to the time evolution of the quantum 
fluctuations associated to the quadratures of the position and linear momentum of a system 
characterized by a Hamiltonian describing one and two photon processes in a single mode [33]. 
This is a no trivial problem and it could be developed elsewhere. 

On the other hand, we have found new classes of deformed squeezed states, parametrized 
by a real paragrassmann number, i.e., a number 2 such that z k ° = 0, for some ko € N. These 
states can be normalized, even if 2 is considered as a complex paragrassmann number. In this 
last case, when k 0 = 2, we can should interpret 2 as an odd complex Grassmann number and 
compare this new classes of deformed squeezed states with the ones associated to the 77 -super- 
pseudo-Hermitian Hamiltonians [15]. 
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A Solving a paragrassmann valued differential equation 

In this appendix we are interested to solve the differential equation 



¥>(0 = A<p(0, /i, z/, AeC, (A.l) 


where k 0 e N, k 0 > 1 , and 2 is a paragrassmann generator such that z k = 0, \/k > k 0 . 
Let us assume a solution of the type 


ko — 1 


¥>(o = *Vfc(0- 


(A.2) 


k =0 
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Inserting this solution into (A.l), we get 


fco-l 1 ko—lko — 1 , -.si, si,A_i ,/ 

w+-oEE- )W ^ 


Z! 




ko—l 

X ^2 zk( Pk- (A.3) 

k =0 


,k =0 ^ 1=0 k =0 

Identifying the coefficients of independent powers k — 0,1, 2,..., k 0 — 1, in this equality, 
we get the following system of differential equations {k — 1,..., k 0 — 1) 


d^k , c \ ( _ 1 ) ! r/\ \ tl 

+ (X + V )2_^ ——= [0 - - X] 




^ l\ dg 

1=1 S 

dip o 


= [(A - v) - X] <£o- 


(A. 4) 
(A.5) 


Let us notice that we can solve this system of differential equations proceeding by iteration. 
Indeed, from equation (A.5), we get 

Y>o(0 = Co exp ^(A - A)£ - , (A.6) 

where Co is an arbitrary integration constant. Also, from equation (A.4), for a given value of k, 
the general solution is of the type 

<Pk(0 = XxX(£)]exp^(A-z/)£-^X 2 ^ , k = l,...,k 0 -l, (A.7) 

where the C k are arbitrary integration constants and A fc (£) are functions of £ which can be 
determined by solving the system of differential equations (k — 1,2,... ,k 0 — 1) 


dA k 


= exp -X 2 - (A - z/)£ 


(X + ") 


1+1 r 


i=i 


(-l) t+i d 

—{Ade 


( Ck-i + A k -i) exp ( (A - z/)£ - -X" 


(A.8) 


Using the Leibnitz’s derivation rule it is easy to prove that 

exp Q/j£ 2 - (A - u)^j (C k -i + A k _i) exp ( (A - i/)£ - 


t{L)[ C ^-AA -!)’«-(# 

m =0 v 7 L v v 


d l ~ m A k -i 


d£ 


l—m 


s=0 


E ! (*-")' 


-sfdY 12 




where 


Lf m (x) = e a 


i d m 
dx m 


m = 0 , 1 ,..., 


(A.9) 


(A. 10) 
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are the Hermite polynomials. 

Inserting these results into (A.8) and integrating with respect to £, we get 


1=1 m =0 

d l ~ m A k _i 

d£ 


l—m 


8 =0 


E T)(>-■') 


-s(^Y /2 


{—1) S H S 




2 

(A. 11) 


when k = 1, 2,..., k 0 — 1. This system of integral equations can be solved by iteration using 
the initial condition T 0 (£) = 0. For instance, when k 0 > 2, from equation (A.ll), we get 


MO = 


(A - v)v£ + p,(A - 2z/)|- - /i 2 y 


Cn 


(A. 12) 


When k 0 > 3, from (A.l 1), we get 

'\ 2 v flU 


MO = 


3 v 2 


A 2 v 1 9 jjL v 


— + ^ + 2\v‘ 2 - 
A 2 /i /i 2 

~4 4 2A/i^ 2 ^ 

2Au 2 X 2 uu 3 u 2 v 3Xuu 2 , 1 ., 
3 2 2 2 1 1 ^ 

A 2 /i 2 3 /i 3 5 A /i 2 1/ 5 /i 2 1^ 2 




6 


+ 


6 


A/r 3 /i 3 zA , 5 , /i 4 £ 6 


6 


f + 


18 


Co 


(A - i/K + - 2l/)y - /i 2 y ] Cl. 


(A.13) 


Finally, the general solution of the differential equation system (A.1), is obtained by insert¬ 
ing (A.7) into (A.2): 

rz-1 n ^ 


<p(0 = 


k o — l 

E + AfcK)) 

,k =0 


exp ( (A - z/)f - ^/i£ 2 ) , 


(A. 14) 


with A k (0 given in equation (A.ll). We notice that there exists an independent solution for 
each integration constant C k , k = 0,1,..., k 0 — 1. 

In the case u — 0, equation (A. 11) reduces to (k = 1, 2,..., k 0 — 1) 

k l / ,U +1 


AK) = ^EE- 

Z=1 ra=0 
7 l—m 


-i ) 1 


Z! \m 


£ 


C fc _,A 


l—m 


fi\ m / 2 


d0~ m 


E 

s=0 






cZ£. 


(A. 15) 
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Thus, for instance, from equation (A. 15), when /c 0 > 2, we get 


A® = M ] C„. 


(A. 16) 


When k 0 > 3, we get 

a 2 (0 = ^ A2/i 


r + 


Cl 


2 A fi 2 


A V 3 /r 


A/x % 5 , /i 4 ^ 6 


■r + 


In the case n — 0, equation (A. 11) reduces to (k = 1, 2,..., k 0 — 1) 


^fc(0 = ^ 


(- 1 ) 


z+i ._ 


z=i 
z-i 


m=0 


e; <a 


(A — z/) + J A k -id £ 

jl—l—m 
\ m Uj a 

Ak-l 


dt 


l—l—m 


For instance, from this last equation, when /c 0 > 2, we get 


18 


Co 

(A. 17) 


(A. 18) 


Ai(£) = (A-z/KCo 


(A.19) 


and when A; 0 > 3, we get 


2^(0 — 


A 2 z/ n 3 z/ 3 \ . / A 2 z/ 2 1 / 


+ 2 A z/-— K + 


2 - A z/ 3 + y ) e 2 Co + (A - z/KCl (A.20) 


B Matrix elements 


In section 4.1, we need to compute the following matrix elements: 


r H = <o| Dt 


f3e 


w 





AG 


•tan 1 (5)e lrt> ) a^c^S (—tan 1 (5)e lrt> ) D ( ^ ) |0), 


VT^p 


and 


A kl = (0| D ] & (— tan _1 (<5)e^) aV's (- tan" 1 ^)^) D 


f3e 


w 


VT^P 


(B.l) 


| 0 ), 

(B.2) 


with k : l = 0,1, 2, .... Using the relation 


(— tan 1 (5)e 1 ^ aS (— tan 1 (5)e*^) = 


VT^P 


(B.3) 
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we can write them in the form 


Qpie \ (a) — be l ^a] (a — be l< ^a^ / one 

r« = (oi^t ( _L= i-^A_- l D () |o) 


Vi^P 


k+l 

(1 - 8 2 )— 


VT^ 


(B.4) 


and 


A H = (0| D* 


(3e 


io \ I a 


be^a^] (a^ — be l,/) a] / a p ie 

) V ) £,f_£L^]| 0)> 


.VT^J (l-b 2 )*? VVl^ 

respectively. From the above expressions, it is clear that 


(B.5) 


Tqz — r,o — A i0 — A 0 ;, Tu — Fu, An — An , l — 0,1 ,..., (B. 6 ) 


and 


Tfcz — r ;fc , A m — A i kl k, l — 0,1,.... 


(B.7) 


We notice that the T k i matrix elements correspond to 

d k d l / , / /3e* e \ exp [cr(a^ — be~ l<t> a)] exp [r(a — de^a*)] / /3e* e \ 

^w (Q| vTr^Py (i - +f /2 (i - 52 y /2 D J |0) ’ 

(B.8) 

when a and r go to zero. Applying the usual B.H.C. formula to disentangle the exponentials 
factors, we get 


exp [cr(a^ — 5e *^a)] exp [r(a — be l< ^a^)~\ = exp 

exp [(a - rSe**) a ] ] exp [(r - aSe~^) a] . (B.9) 


arb 2 - a 2 8e ^ - r 2 be^ 

2 2 


Inserting this result in (B.8), and acting with the exponential operators on the coherent states, 
we get 


r h — 




k+i 


Qk Ql f 

d^d?\ eXV 


orb 2 - cr 2 8e % ^ -r 2 <5e^ 

2 2 


exp 


(cr — T5e l<t> ) 


f3e 


-i0 1 


exp 


(r — abe 


f3e 


ie 


Vi^p 

The matrix elements A ki can be obtained in the same way, we get 

1 


VT^P. 


A ki — 


(VT =¥) 


k+l 


d k d l f 

d^m exp 


or - o 2 b^ - r 2 be li ^ 

2 2 


exp 


(cr — rbe 


/3e 


ie 




exp 


(r — abe' 


(3e 


-ie 


VT 


(B.10) 


a=r= 0 


. (B .11) 


(7=T = 0 
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For example, 


Too 

To2 

In 

A 12 


— A 00 — 1 
= A 0 2 = 


r 0 i - a 0 i — 


pe ie - 


(1-5 2 ) ’ 

P 2 e 2ie - Se^i 2/3 2 + 1 - 5 2 ) + p 2 5 2 e 2i ^ 


= An -1 = 


(1 - S 2 ) 2 

p 2 (l + S 2 ) + 5 2 (1 - S 2 ) - 2(3 2 5 cos(0 - 5) 


(1 - S 2 ) 2 

= pe~ ie (p 2 + 2 p 2 5 2 + (2 + 5 2 ) (1 - 5 2 )) - p8e i{ - 6 ~® (2p 2 + p 2 5 2 + 3(1 
+ ^ 3 ^ 2 ^( 30 - 20 ) _ p 3 Se i(4>- 30)1 /(1 _ £ 2 ) 3 _ 


5 2 ) 

(B.12) 


References 


[1] Drinfeld V G 1986 Quantum Groups (ProcNew York: Berkeley ICM) 798 

[2] Reshetikhin N Y, Takhtadzhyan L A and Faddeev L D 1990 Algebra Anal. 1 193 

[3] Majid S 1995 Foundations of quantum group theory (Cambridge: Cambridge University 
Press) 

[4] Tsohantjis I, Paolucci A and Jarvis P D 1997 J. Phys. A: Math. Gen. 30 4075 

[5] Celeghini E 1992 Quantum algebras and Lie groups ( Arxiv:hep-th-9211077) 

[6] Ballesteros A, Civitarese O, Herranz F J and Reborio M 2002 J. Phys. Rev. C 66 064317 

[7] Spiridonov V P 1990 Dynamical parasupersymmetries in quantum systems (Proc. of the 
Int. Seminar Quark-90, Telavi: USSR) 

[8] Filippov A T, Isaev A P and Kurdikov A B 1992 Mod. Phys. Lett. Ser A 7 2129 ; 1993 Int. 
J. Mod. Phys. Ser. A 8 4973 

[9] Rubakov V A and Spiridonov V P 1998 Mod. Phys. Lett. Ser. A 3 1337 

[10] Mackenzie R and Wilczek F 1998 Int. J. Mod. Phys. A 3 2827; Chen Y H, Wilczek F, 
Witten E and Halperin B 1989 Int. J. Mod. Phys. B 3 1001 

[11] Aneziris C, Balachandran A P and Sen D 1991 Int. J. Mod. Phys. A 6 4721; Greenberg O 
1991 Phys. Rev. D 43 4111 


30 







[12] Brif C 1997 Int. J. Theo. Phys. 36 1651 


[13] Hussin V and Lauzon A 1994 Lett. Math. Phys. 31 159 

[14] Alvarez-Moraga N and Hussin V 2002 J. Math. Phys. 43 2063 

[15] Alvarez-Moraga N and Hussin V 2004 Int. J. Theo. Phys. 43 179 

[16] Ellinas D 1993 J. Phys. A: Math. Gen. 26 543 

[17] Quesne C 2002 J. Phys. A: Math. Gen. 35 9213 

[18] Jurco B and Stovfcek P 1994 CERN-hep-th-9403114 

[19] Mostafazadeh A 2002 J. Phys. A: Math. Gen. 43 205 

[20] Ballesteros A, Herranz F J and Parashar P 1997 J. Phys. A: Math. Gen.30 L149 

[21] Ballesteros A, Celeghini E and del Olmo M A 2004 J. Phys. A: Math. Gen. 37 4231 

[22] Celeghini E, Giachetti R, Sorace E and Tarlini M 1990 J. Math. Phys. 31 2548 ; 1991 32 
1115 

[23] Dodonov V V, Kurmyshev E V and Man’ko V I 1980 Phys. Lett. A 79 150 

[24] Trifonov D A 1991 J. Sov. Laser Res. 12 414 

[25] Staler D 1970 Phys. Rev. D1 3217 (1970); 1971 D4 2309 

[26] Perelomov A M 1986 Generalized Coherent States and their Applications 
(Berlin: Springer-Verlag) 

[27] DeWitt B S 1984 Supermanifolds (Cambridge: Cambridge University Press) 

[28] Cornwell J F 1989 Group Theory in Physiscs, Vol. Ill : Supersymmetries and Infinite- 
dimensional Algebras (New York: Academic) 

[29] Schrodinger E 1926 Naturwiss. 14 664 

[30] Merzbacher E 1998 Quantum mechanics (New York: John Wiley) 


31 


[31] Mostafazadeh A and Batal A 2004 Physical Aspects of Pseudo-Hermitian and PT- 
Symmetric Quantum Mechanics (ArXiv:quant-ph/0408132 vl) 

[32] Hussin V, Lauzon A and Rideau G 1996 J. Phys. A: Math. Gen. 29 4105 

[33] Zhang W M 2000 Coherent States in Field Theory (archive/electronic/hep-th/9908117) 


32 


